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Abstract The unextendible entangled basis with any arbitrarily given Schmidt 
number k (UEBk) in C dl (g)C d2 is proposed in [Phys. Rev. A 90 (2014) 054303], 
1 < k < minjdi, d^}, which is a set of orthonormal entangled states with 
Schmidt number k in a d\ ® d ,2 system consisting of fewer than d\d ,2 vectors 
which have no additional entangled vectors with Schmidt number k in the 
complementary space. In this paper, we extend it to multipartite case and 
a general way of constructing (m + l)-partite UEBk from m-partite UEBk 
is proposed (m > 2). Consequently, we show that there are infinitely many 
UEBks in C dl <g> C d2 ® • • • <g) C dN with any dimensions and any N > 3. 

Keywords Unextendible entangled basis • Schmidt number • Multipartite 
quantum system 

PACS 03.67.Mn • 03.65.Ud • 03.67.Hk 


1 Introduction 

Entanglement and nonlocality are some of the most indispensable concepts 
embodied in quantum physics mm- The nonlocal character of an entan¬ 
gled system is the key to understanding the deepest implications of quantum 
mechanics to information theory and even to the nature of reality [5]. It has 
been found that there are sets of product states which nevertheless display a 
form of nonlocality 15117] . 

One of the most interesting structures of the bipartite state space is that 
there exists unextendible basis, which is impossible in a single Hilbert space 
corresponding to a single particle. The first unextendible basis proposed is 
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the so-called unextendible product basis (UPB) introduced firstly in Ref. [6]. 
UPB is a set of incomplete orthogonal product pure states whose complemen¬ 
tary space does not contain product states. It is shown that the members of a 
UPB are not perfectly distinguishable by local positive operator valued mea¬ 
surements and classical communication, which shows the nonlocality without 
entanglement. Moreover, UPB can be used for constructing bound entangled 
states [Sj. 

The second unextendible basis is the unextendible maximally entangled 
basis (UMEB) [5]. A UMEB is a set of orthonormal maximally entangled 
states in a two-qudit system consisting of fewer than d 2 vectors which have 
no additional maximally entangled vectors orthogonal to all of them. It is 
shown that there exists UMEB in any d\ ® d 2 system whenever d\ ^ d 2 ma 
ITT] . Recently, UPB and UMEB are extended to a more general case [T3] . 
UEBk, i.e., a set of orthonormal entangled states with Schmidt number k in 
a d± ® d 2 system consisting of fewer than d\d 2 vectors which have no addi¬ 
tional entangled vectors with Schmidt number k in the complementary space 
( 1 < k < min{(ii, d 2 }). It is proved that there are UEBks in any bipartite 
system m • Very recently, entangled basis with some fixed Schmidt number k 
(EBk) is proposed [TTj . We find that there exists EBk in any bipartite system 
and multipartite system although only rare multipartite pure states admit the 
Schmidt decomposition form. The UPB in multipartite has been investigated 
in Ref. [5][Z3- In this paper, we investigate the multipartite unextendible entan¬ 
gled basis with any fixed Schmidt number k (m-partite UEBk). Namely, we 
extend the unextendible entangled basis to multipartite system. Consequently, 
we find a unified way of getting multipartite UEBks from that of the lower 
space, which guarantees that UEBks exist in any system. This provide us new 
tools in investigating quantum protocols associated with both bipartite and 
multipartite quantum systems. 

The rest of this paper is constructed as follows. In Sect. 2, we introduce 
some related notations and terminologies and then propose the definition of 
m-partite UEBk. Section 3 shows that there are infinitely many bipartite UE¬ 
Bks but not SUEBks using the similar scenario as that of Ref. M- Section 4 
introduces our main result: any (m + l)-partite UEBk can be induced from an 
m-partite UEBk and there are infinitely many UEBks in any multipartite sys¬ 
tem. In Sect. 5, we list several examples of three-partite UEBks. Both SUEBk 
and UEBk but not SUEBk are proposed. We conclude in Sect. 6 at last. 


2 Notations and terminologies 

For the sake of clarity, we recall the related definitions firstly. A state l^) G 

£<h g> £d 2 ^ ^ 

is called a maximally entangled pure state if it can be 
written as \ip) = -^= 1 |U)|* 2 ) for some orthonormal basis (|*i)} of C dl 

and some orthonormal set {|* 2 )} of C d2 . 

Definition |10] A set of states {| fa) G C dl <g> C da : i = 1,2,. .., n, n < d\d 2 } 
is called a n-member UMEB if and only if 
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(i) | <j>i), i = 1 , 2 ,..., n, are maximally entangled; 

(ii) (cj)i | cj)j } = Sij; 

(in) if (4>i\ip) = 0 for all i = 1,2,... ,n, then | ip) cannot he maximally 
entangled. 

The Schmidt number of a pure state | ip) £ C dl ® C d2 is defined as the length 
of the Schmidt decomposition [13]: if |?/>) = o Aj|e^)|e^) is its Schmidt 
decomposition, then the Schmidt number of the pure state | if), denoted by 
S r (\ip)), is k, i.e., S r (\i/j)) = k. It is known that S r (\il>)) = rank(pi) = rank(p 2 ), 
where pi denotes the reduced state of the i-th part. 

Definition [13) A set of states {| cff) £ C dl (g> C d2 : i = 1,2,...,n,n < 
did 2 } is called a n-memher unextendible entangled bases with Schmidt number 
k (UEBk) if and only if 

(i) S r (\<j>i )) = k, i = 1,2, 

(ii) (cj)i\(j)j) = S^; 

(in) if = 0 for all i = 1,2,... ,n, then SVd^}) ^ k. 

A UEBk is a special UEBk (SUEBk) if all the Schmidt coefficients are 
equal to 1/ y/k. It is clear that UEBk reduces to UPB when k = 1 while SUEBk 
reduces to UMEB when k = d±. Next, we extend the UEBk to multipartite 
case. We call l^) £ C dl ® C d2 0 ■ ■ ■ C dm has a Schmidt decomposition form 
if it can be written as m 


\i>) = X i\ e j 1) )l e f ) > ■ ■' (!) 

3 =0 

where {|e®}} is an orthonormal set of C dl , J2j = 1) Aj > 0, l = 1, 2, 
..., m, m > 3. For convenience, we denote the length of the decomposition 
by S r (\ip)), i.e., 5 r (|^>}) = k, and we still call ^(1^)) the Schmidt number 
and call the coefficients XjS Schmidt coefficients. It is easy to see that \if) £ 
C dl ( 8 > C d2 ® ® C dN admits the Schmidt decomposition form if and only if 

all the reduced states have the same eigenvalues and the eigenvectors of all 
the bipartite or multipartite reduced states are fully separable. 

We remark here that the Schmidt decomposition is not valid for multipar¬ 
tite case in general. Only rare pure states in the multipartite case admit the 
generalized Schmidt decomposition \if) = Y^jZo Aj|e^)|e^) (g) ■ • • ® |e^ m ^) 
HHZI, w h ere < minjdi, rU, ■ • ■ ,d m } and di denotes the dimension of the 
f-th subsystem. For the simplest three-partite case, any three-qubit pure state 
admits the form |i p) = Ao|000) + Aie ze |100) + A 2 1101) + A 3 1110) + Aa| 111)|T5j. 
where A i > 0, Af = 1, 9 £ [0, 7 r], which is not a form of Schmidt decompo¬ 
sition. 

We now give the definition of iV-partite unextendible EBk, which is a 
generalization of bipartite UEBk in Ref. m- We always assume with no loss 
of generality that d\ < c ?2 < • • • < dpj throughout this paper for simplicity. 

Definition 1 An orthonormal set {| iff) : i = 1,2 ,... ,n,n < d±d 2 ■ ■ ■ d m } in 
C dl <g» C d2 (g) • • • <gi C dm is a n-member m-partite UEBk (1 < k < d\) if 
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(i) 5 r (|0<)) = k, i = 1,2, 

= $ijj 

(Hi) if (4>i\if) = 0 for all i = 1 , 2 , ..., n, then either \ip) does not admit a 
Schmidt decomposition form or S' r (|i/’)) ^ k. Particularly, it is a n-member 
m-partite SUEBk if it is an m-partite UEBk with all the coefficients A ) s of 
I V’i) e( l ua l to namely, \iff) = Jf^Zo ^%\ e f ) )\ e f > )''' l e f°}- 

Let A4d 1 xd 2 be the space of all d\ by d 2 complex matrices. Then Aid,xd 2 is 
a Hilbert space equipped with the inner product defined by (A|I?} = Tr(Af.B) 
for any A, B G M dl xd 2 ■ {A : rank(A*) = k, Tr (A\Aj) = Sij,i = 1,2,.. .,d\d 2 } 
is called a rank-fc Hilbert-Schmidt basis of Md,xd 2 [Hi- There is a one-to-one 
relation between the EBk (l^*)} and the rank-fc Hilbert-Schmidt basis {^4^} 


\A) = Y, a M\A >M G C dl ® C d2 ^ A* = [4 } ] G M dl xd 2 , 
k,l 

Sr{\i>i)) = rank(A*), (V’ilVb) = Tr ( A l A j), ( 2 ) 

where {|*i}} and ^ 2 } are the standard computational bases of C dl and C d2 , 
respectively. For simplicity, we give the following definition. 

Definition 2 A set of d\ x d 2 matrices {A* : i = 1,2 ,...,n,n < d±d 2 } is 
called an unextendible rank-k Hilbert-Schmidt basis of M.d x xd 2 */ 

i) rank(Aj) = fc for any i; 

ii) TV {A\Aj) = Sij; 

Hi) if Tt(A\b) = 0, i = 1, 2, . n, then rank(H) 7 ^ fc. 

It turns out that {A, : rank(A*) = fc} is an unextendible Hilbert-Schmidt 
basis of Md 1 xd 2 if and only if (| ipf)} is a UEBk of C dl 0 C d2 . Therefore, the 
UEBk problem is equivalent to the unextendible rank-fc Hilbert-Schmidt basis 
of the associated matrix space. 

Any m-partite pure state \if) in C dl 0 C d2 0 ■ ■ ■ 0 C dm can be represented 

by 


\i>) = a *i*2-iml*l)l*2)--'Km), (3) 

where {|iz}} and is standard computational basis of C d ‘, l = 1, 2, ..., to. The 
space C dl 0C d2 0■ ■ ■0C dm can be regarded as a bipartite space for any bipartite 
cutting, thus the coefficients a ni2 ...i m can be viewed as the corresponding 
matrix entries. For example, we take m = 4, the space is cut as 12|34, then 
0 * 112*314 is < 2 * 4121 * 3*4 indeed. It follows that [ 0 * 4 * 21 * 3 * 4 ] is a did 2 x d^di matrix 
when we regard both i\i 2 and 13*4 as the single indexes respectively. That is, 
any multipartite state corresponds to a matrix with respect to some bipartite 
cutting of the given space. However, the unextendible rank-fc Hilbert-Schmidt 
basis of the matrix space corresponding to the multipartite state space can 
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not induce a UEBk in general. For example, 

1 ( -l 0 0 0 \ . _ 1 / 2 0 0 0 \ 

Al _ 3 V 2 2 0 Oy ,A2 ~ 3 y —1 2 0 0 y ’ 

_ 1 /2 0 0 0 \ _ 1 fO 0 -1 0 \ 

~ 3 ^2 -1 0 OJ ,Ai " 3 V° 0 2 ‘l-)’ 
1 /0 0 2 0 \ _ 1 /002 0 \ 

" 3 VO 0 -1 2 ) ,A6 “ 3 V° 0 2 ~ l ) 


(4) 


form an unextendible rank -2 Hilbert-Schmidt basis of -Ad 2 x ( 2 x 2 ) (correspond¬ 
ing to the bipartite cutting 1|23). However the corresponding set of pure state 
{| ipi) : * = 1,2,..., 6 } is not a UEB2 of C 2 ® C 2 ® C 2 . 


3 UEBk but not SUEBk for bipartite case 


In Ref. [15] . we showed that, in C dl (g>C d2 , there are at least k — r (here r = d\ 
mod k, or r = d 2 mod k) sets of UEBk when d\ or d 2 is not the multiple of 
k, while there are at least 2 (k — 1) sets of UEBk when both d\ and d 2 are the 
multiples of k. Note that the UEBks there are in fact SUEBks. In this section, 
we show that there are UEBks but not SUEBks in any bipartite system. We 
always assume that d\ < d -2 unless otherwise specified. 

For any possible k, if d\ = sk + r and d 2 = s'k + r', 0 < r < k, 0 <r'<k, 
then the Hilbert space Md 1 xd 2 is a direct sum of three subspaces which are 
equivalent to M dlX (s'-i)k, M( s -i)kx.(k+r>) and 7W( fe+r .) X (fe+r') respectively. 
Since there always exist unextendible rank-fc Hilbert-Schmidt basis in both 
M dl x(s'-i)k and AI( s _i )kx(k+r') [S], we thus only need to check whether 
there exists unextendible rank-fc Hilbert-Schmidt basis in A4(k+ r )x(k+ r ')- We 
begin with the case of k = 2. There are three cases: r = r' = 0; r = 0 and 
r’ = 1 (or r = 1 and r' = 0); r = r' = 1. Therefore, we only need to consider 
AI 2x2 , A ! 2X 3 and A^ 3 X 3 • Note that 



and the rank-2 Hilbert-Schmidt basis of L\ 


* 0 
* * 


is equivalent to that 


/*°\ 

of 0 * which is discussed in Ref. m■ Using the method in Ref. 1123 , the 

V 0 */ 

following three vectors form a UEB2 in C 2 (g) C 2 


l^) = ^(2|l)|0)+2|l)| 1 )-|0)|0)), 
|^) = i(2|0)|0}+2|l)|l)-|l)|0)), 
1^2) = |(2|0)|0) + 2|1}|0) - |1)|1», 


(6) 
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since the corresponding rank-2 Hilbert-Schmidt basis is 





1 

3 



(7) 


which is unextendible. In fact, any 3 by 3 isometric matrix X = [xki] without 
zero entries can induce a UEB2 of C 2 ® C 2 since we can replace the entries of 
A t in Eq. 0 by the entries in the i-th column of any 3 by 3 isometric matrix 
without zero entries, respectively. (An m by n matrix A is an isometric matrix 
if A'A = I n is the n by n identity matrix.) There are infinitely many 
UEB2s in C 2 ® C 2 due to the fact that infinitely many isometric matrices 
exist. The space of 2 x 3 matrix space can be decomposed as 

(* * 0N 1 f 00 *\ 

\ v **oy®yoo*y' 



Since 


* * 0 
* * 0 


have rank-2 Hilbert-Schmidt bases m and any nonzero matrix 


/o o *\ . f * * o\ 

in I I is of rank-one and is orthogonal to that °f I * q ) > we conclude 

that there are (infinitely many) UEB2s in C 2 ® C 3 . The following are three 
types of decomposition of MzxS 


* * * 
* * * 
* * * 
* * * 
* * * 
* * * 
* * * 
* * * 
* * * 


/ * * * \ /ooo\ 

[ * * * I ® ( 0 0 0 I 

y000/ y* * */ 
/0 0 0 \ /* 00 \ 
* 00 ® 0*0 
\* * o y yo o oy 
/* * o\ /o o o\ 
I * * 0 I 0 I 0 o * I 
yo o oy yo * oy 


! o * o\ 
o o * 
oooy 
o o *\ 
ooo 
*0 0 / 


! o o *\ 
ooo, 
oo *7 
0 0 0 \ 
ooo. 
0 0 */ 


We denote the ten subspaces at the right hand of the three equations above by 

£■1 % £ ( i 2) 2 , £ ( 2 2 l £- 2 % £2 % £ 2 % £ 3*1 > £ 3 % £ (2 l and £ 3 % respectively. Namely 

(2 ) (‘ 2 ') 
C) ’ denotes the j-th subspace of the i-th equation. It is obvious that i) £) / 




is orthogonal to £- 2 ^ whenever k / l, ii) £)/ 

,( 2 ) 


(2) r (2) r (2) ~(2) r (2) ~(2) , 
v £ 21 , C' 2 2 , £ 33 , £ 31 , £32 and 


£ 3^3 have rank-2 Hilbert-Schmidt bases, and iii) any nonzero matrix in C\ 


( 2 ) 

2 ; 


or £^ 4 , or £g 2 ] is of rank-one. One can check that each rank-2 space above 
has infinitely many rank-2 Hilbert-Schmidt basis due to the infinitely many 
isometric matrices with the corresponding size. This implies that there are 
infinitely many 6 -member, 7-member and 8 -member UEB2s in 3 0 3 system. 

If k = 3, we only need to discuss the spaces Af 3 X 3 , A / l 3 X 4 , -M. 3 x 5 , Af 4 X 4 , 
_Ad 4 x 5 and -Ad 5 x 5 - We decompose them into subspaces with dimension 3 and 
subspaces with dimension l, l <3, as following. 


/* * *\ /0 0 *\ / * 0 o\ /o*o\ 

***|= *oo)©o*o)©oo*J, 
y* * *y y* * 0/ yo0*y yooo/ 
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/****\ /o 0 0 *\ /* o o o\ /o * o o\ /o o * o\ 

****=*ooo)©o*oo©oo*o)©ooo*, 
y* * * *y y* * o oy y o o * oy y o o o *y yooooy 

/* * * * *\ /o o o o *\ /* o o o o\ /o * o o o\ 

***** = * 0000 © 0 * 000 © 00*00 
y* * * * *y y**oooy \o o * o oy yo o o * oy 
/oo*oo\ /ooo*o\ 

© 000 * 01 © 0000 * 1 , 

yo o o o *y yoooooy 

/****\ /ooo*\ /oooo\ /*ooo\ 

**** _ 0000 *000 0*00 

**** *000 ® 0*00 ® 00*0 

y****y y* * o oy yo o * oy yooooy 
/o*oo\ /oo*o\ 
oo*o ooo* 

® 000* ® 0000 ’ 

yooooy yooooy 



oooo* 
ooooo 
* 0 0 0 0 
**000 


ooooo 
* 0 0 0 0 
0*000 
0 0*00 


* 0 0 0 0 
0*000 
0 0*00 
ooooo 


/0*000\ /00*00\ /000*0\ 
00*00 000*0 0000 * 
000*0 ® 0000* ® OOOOO ’ 

yoooooy yoooooy yoooooy 


/*****\ /o 0 0 0 *\ /o 0 0 0 o\ /o 0 0 0 o\ /* 0 0 0 o\ 

***** OOOOO OOOOO *0000 0*000 

***** = OOOOO © *0000 © 0*000 © 00*00 

***** *0000 0*000 00*00 ooooo 

y *****/ y**oooy yoo*ooy yoooooy yoooooy 

/o*ooo\ /oo*oo\ /ooo*o\ 

00*00 000*0 0000* 

© 000*0 © 0000* © ooooo . 
ooooo ooooo ooooo 

yoooooy yoooooy yoooooy 

For more simplicity, we denote the 30 subspaces at the right hand of the three 
equations above by £^), £^), c[C ( 2 % 

/*(3) r (3) /»(3) /»(3) /’(3) /'(3) r*(3) r*(3) r»(3) M3) M3) M3) M3) M3) 

•‘-'3,4; ■ i -'3,5> i '4,l! -^4,2) -^4,3’ •‘■'4,4) ■‘-'4,5’ ■‘■'5,1’ -^5,2) / -'5,3> ■‘-'5,4; ■‘-'5,5’ ■ i -'5,6> ■‘■'6,1’ 

2 , £® 3 ’ ^6% ^6% ^6 3 6 an d ^6% respectively. Namely denotes the 
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(3) 

j -th subspace of the *-th equation. The rank-3 Hilbert-Schmidt basis of £■ {, 
i = 1, 2, ..6, can be constructed via any 4x4 isometric matrix. That is, 
we can replace the entries of the *-th basis element by the entries in the i- 
th column of any 4 by 4 isometric matrix without zero entries, respectively. 


/*(3) ^*(3) 
3,4) • £ -'4,2) • £ -'4,3) 


Similarly, it is straightforward that £^44 £ 2 % 4% £ 3 % £ (3) 

4$, 4% 4% 4% 4% 4% 4% 4% ^ 6 3 5 and 45 have rank-3 Hilbert- 

Schmidt bases according to the existence of 3 x 3 isometric matrices. It turns 
out that, for any given to, any rank-3 Hilbert-Schmidt basis of {£\ 0 j : j = 
1,..., to + 1 if to < 3 ;j = 1,..., to if to > 4} form an unextendible rank-3 
Hilbert-Schmidt basis of the associate matrix space, to = 1, 2, ..., 6. 

Similarly, with the same spirit in mind, we can check that there are in¬ 
finitely many UEBks (but not SUEBks) for any k > 4 and any d\ and <^2 - In 
general, -M(k+r)x(k+r') can be decomposed as 


'M{k+r)x(k+r') £l 


) £ 


(k) 


) £ (fe ) . 
i-'r+r’+l 


> £ (fe ' ) , 1 


1 £ (fc) , 
>~ r+r ’ +3 , 


( 8 ) 


where 44 l = 1, 2, ..., r + r’ + 3, satisfying the following: 

— For any A = [a.y] € 44 = 0 whenever (1) 2 < t < r + 1, or (2) t = 1 

and j < fc + r', or (3) t = r + 1 + s with s < j; 

— If 2 < l < r + 2, then for any A = [a^] G 44 = 0 whenever either 

t ^ j + l — 2 and j < k or j > A:; 

— If r + 3 < 1 < r + r' + 2, then for any A = [a.y] G 44 a.y = 0 whenever 
either j^i + l — r — 2 and t < k or t > k. 

The rank-k Hilbert-Schmidt basis of C\ can be constructed via any k x k 
isometric matrix. Namely, we can replace the entries of the t-th basis element 
by the entries in the *-th column of any k by k isometric matrix without zero 
entries, respectively. Similarly, £j , 2 < Z < r + r + 2, has rank-k Hilbert- 
Schmidt bases according to the existence oikxk isometric matrices. Therefore, 
any rank-k Hilbert-Schmidt basis of : 1 < l < r + r’ + 2} is an unex¬ 

tendible rank-k Hilbert-Schmidt basis of the associate matrix space since any 
Hilbert-Schmidt basis of C r / r , +3 is of rank smaller than k. We thus obtain 
the following result. 

Theorem 1 Infinite many UEBks (but not SUEBks) exist in d\ ® c ?2 systems 
for any d\ and d 2 , k > 1. 

It is worth mentioning here that all of the approaches of constructing UE¬ 
Bks above lead to that any two matrices in the matrix space corresponding to 
the n-nrember UEBk have {d\d 2 — n) zero entries with the same entry position. 
We call it zero entries condition for simplicity. There also exist UEBks which 
do not admit the zero entries condition. For example, 


A! 


2 

5 



J_4-i 

\/73 V 1 1 


A 3 = 


21 / 52 _ 8 _ 

' 21 21 


v / 3650 V- 1 - 1 


(9) 
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form an unextendible UEB2 for 202 case. But the corresponding matrix space 
is 


( * * 
a a 


, V a G C, 


which does not admit the zero entries condition. 


( 10 ) 


4 Constructing (m + l)-partite UEBk from m-partite UEBk 

We begin with the simple case of k = 1, that is, the multipartite unextendible 
product basis. 

Observation If {\tpi)} is a UPB of C dl 0 C d2 0 ■■ ■ 0 C dm , then {|i fij)} is a 
UPB ofC dl 0 C d2 0 ■ ■ ■ 0 C drn+1 , where \ipi,j) = \ipi)\j), j = 0, 1, .. d m — 1. 

We denote by \ip l ) := |e| 1 ^)|e[ 2 ^) • • • |e["^) for convenience provided that 
\if) = X)j=o W e ^)\ e ^)''' l e j”b with (l e j^)} is an orthonormal set of C ds , 
s = 1, 2, .. m. Let {| iff)} be a n-member m-partite UEBk of C dl 0 C d2 0 
■ ■ ■ 0 C dm , 1 < k < di . We dehne 

k—1 

iV’5 +1) ) : =E A f ) i^)ii+o ! in) 

1=0 

where {|j)} is the standard computational basis of C dm+1 , j = 0, 1, .. d m+ i — 
1 , j + 1 means j +1 mod d m +i, i = 0, 1, .. n. The following is the main result 
in this section. 

Theorem 2 If {| ipf)} is an m-partite UEBk of C dl 0 C d2 0 ■ ■ ■ 0 C dm , 1 < 
k < d\, then {| ' l Pij +1 ^)} defined as in Eq. \11\) is an (m + 1 )-partite UEBk of 
C dl 0 C d2 0 ■ ■ ■ 0 C dm+1 . 

Proof Let V\ be the subspace spanned by {1^)} and let | ipi) := £i=o A[^|if-) 
be their Schmidt decomposition forms. We denote the space spanned from 
(IV’i7 +1) )} hy U- Then dimVi = d m+1 dimVi. It follows that dimVf 1 - = 
d m+ i dim V ^~. Therefore V\ = V\ 0 C dm+1 and VfJ- = V^~ 0 C dm+1 . This 
guarantees that any vector in Vf~ either does not admit a Schmidt decom¬ 
position form or the Schmidt number is not k. In fact, for any |</>} £ if 
S r (|</>}) = fc, we assume that \<j>) = J2i=o \W)- Let T = Tr m+ i(|</>}(</>|) 
and let the spectral decomposition of p m+1 be p m+1 = ^Ji=o A 2 \4 > (i))( < t’(i)\- 
(For i £ {1, 2, 3,..., n}, we denote by i the combination consisting of all ele¬ 
ments in {1,2,..., n} — {i}, for instance, if n = 4, i = (2), then i = (134).) 
Then |0 (i) )(</> w | = Tr m+ i(|<^)(<^|). Let \(f') = YaZo M <£(»)), then \cj>') £ V 1} 
which leads to \<j>) £ V\ 0 C m+1 , a contradiction. That is, {|I s un ~ 
extendible. The orthogonality and the Schmidt number condition are clear. 
□ 
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Theorem 2 implies that (to + l)-partite UEBk can be obtained from Tri¬ 
partite UEBk for any to > 2. Theorem 1 shows that there are infinitely many 
UEBks in any bipartite space, this guarantees the existence of UEBks in any 
multipartite systems. 

Theorem 3 There are infinitely many UEBks (but not SUEBks) in C dl g 
C d2 g ■ ■ ■ g C dm with any dimensions and any m > 3. 

It is shown in Ref. [9] that there is no SUEB2 in C 2 <g) C 2 . If {\ipi) : i = 
1, 2,..., n} is a SUEB2 in C 2 g C 2 g C 2 , then we can let \ijji) = Ui <8 Vi <8 
Wi\4>) with | <p) = -A(|0)|0)|0) + 11)11)11), where 17,, V and W, are unitary, 

e U<*i<*i<*i(^^)®(v; t ^)®(wi t w J -)ifc)ifc)ife) = 2 s tJ , zLomumlm 

(YiV) 8 (W}W)\k)\k)\k) = 2 Sij implies U, V and W can not be unitary (or 
can not be unitary simultaneously), i = 1, 2, ..., n. According to the proof of 
Lemma 1 in Ref. [2] ,2x2 unitary matrices is always extendible, we conjecture 
that there is no SUEB2 in 2® d systems, either. 

Since there always exist SUEBks in any bipartite space C dl g C d2 when 
k < d\ < d 2 and there exist UMEB when d\ < d 2 [ioiEimum , the following 
is clear. 

Proposition 1 There are SUEBks in any multipartite system C dl 8 C d2 8 
• • • g C dm provided that k < d\. There exists UMEB in d® m whenever there 
exists UMEB in C d g C d . 

There exists UMEB in C d g C d for d = 3,4, 6 jHHUj , so there exists UMEB 
in d® m for d = 3,4,6. 

We now discuss the structure of the subspace spanned by UEBk. We con¬ 
sider the three-partite case C dl g C da g C d3 and the ?n-partite case with to > 3 
can be argued similarly. Let {|^i)} be a UEBk in C dl g C d2 g C d3 and Vj be 
the subspace spanned by {|V’i)}- Then C dl g C d2 g C da = Ui ® V^~. If | ip) € V\ 
admits a Schmidt decomposition form \ip) = Ej=o s — 

then |®$ 1) >|®f ) >|a:f ) > € Ui for any 1 < j < s. We claim that V^~ does not con¬ 
tain vector with Schmidt number greater than k. In order to see this, we assume 
to reach a contradiction that \fi) S V^~ and |</>) = E^=o ^i\y^' > )\v^P)\y l f^)i 
where {|yj^)} is an orthonormal set of C di , i = 1, 2, 3. Let \ fi') = E^=o El Vj^) 
\yj 2 ' > )\y < f' > ), then \<f>') e V^~. This implies that is extendible, a contradic¬ 

tion. That is, C dl g C d2 g C d3 can be divided into two subspaces: one contains 
vectors with Schmidt number which is equal to or greater than k and the other 
one does not contain vectors with Schmidt number which is equal to or greater 
than k. 

Proposition 2 Let {\ipi)} be an m-partite UEBk in C dl g C d2 g • • • C dm and 
V\ be the subspace spanned by {| ipi)}. Then V E does not contain vectors with 
Schmidt number is equal to or greater than k. 
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5 Examples 

We only give several examples for three-partite UEBks, the m-partite UEBks 
(1 < k < d\) with m > 4 can be deduced according to the method in Theorem 
2 . 


5.1 SUEB k 


Several examples of SUEBks for bipartite system are proposed in Refs. [51171 
We hence can derive three-partite SUEBks by Theorem 2. 


5.1.1 k=l 


We begin with the case of k = 1, i.e., the m-partite UPB. 

Example 1 In 3 ® 3 space, two sets of UPB are proposed in Ref. [5]. We thus 
can obtain two sets of three-partite UPB in 3 ® 3 ® d straightforwardly for any 
d > 2. We list them for the case of d = 2. 


|0o,o) 

100.1) 

101,o) 

101.1) 

102, o) 

102.1) 

103,o) 

103.1) 

103, o) 
103, l) 


1 

75 

i 

Vi 

i 

71 

i 

7i 

1 

71 
1 

7! 

i 

72 
1 

72 

1 

3 

1 


| 0 )(| 0 ) - | 1 »| 0 ), 
| 0 )(| 0 )-| 1 »| 1 ), 
12 } (| 1 ) — | 2 ))| 0 ), 
12 ) (| 1 ) — | 2 »| 1 ), 
(| 0 )-| 1 ))| 2 )| 0 ), 
(| 0 )-| 1 ))| 2 )| 1 ), 
(| 1 ) - | 2 »| 0 )| 0 ), 
(| 1 )-| 2 ))| 0 )| 1 ), 


(| 0 ) + | 1 ) + | 2 ))(| 0 ) + | 1 ) 
(| 0 ) + | 1 ) + | 2 ))(| 0 ) + | 1 ) 


| 2 »| 0 >, 

| 2 ))| 1 ) 


(12) 


is a ten-member three-partite UPB from the TILES vectors in Ref. [5]. Let 
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with h = \\J 1 + \/5, N = 2/\/5 + \/5. Then |^) = |vj)|v 2i mo d 5}, * = 0, 1, 
..4, form a UPB in 3 ® 3 space [5]. Thus 

I i’ij) = \ipi)\j), i = 0,1,...,4 ,j = 0,1 (13) 

constitute a ten-member three-partite UPB in 3 3 <8> 2 space. 

5.1.2 1 <k < d\ 

According to Theorem 2, we can obtain ?n-partite UEBks from Propositions 
1-6 and Eq. (8) in p3]- We list here one of them, the others can be followed 
straightforwardly. 

Example 2 Let 

k— 1 

I (t>mnis) ■■= -/fl~ZQ P \P®nn)\(l - l)k + p)\p + s), (14) 

^ p =0 

where m = 0, 1, ..., d\ — 1, n = 0, 1, .. k — 1, 1 < k < d\, l = 1, .. t, s = 0, 
1, ..., c?3 — 1, = e and d 2 = tk + r, 0 < r < k, x 0 m denotes x + m 
mod d \, p + s denotes (p + s) mod d%. Then {\4>mnis)} is a ffcdid3-member 
UEBk in C dl <g> C d2 ® C d3 . 

5.1.3 k = di 

Example 3 The following four pure states form an UMEB in C 2 ® C 3 [TO]. 

|^o) = -^(|0)|0) + |l>|l)), 

\4>i) = (cri ® h)\<t>o), *= 1 , 2 , 3 . 

Let | il4) = (<n <g> h)\j)\j), j = 0, 1, and 

|0o,o) = ^(|O)|O)|O) + |l)|l)|l)), 

|0o, 1 > = ^(|O}|O)|l) + |l>|l>|2», 

|^ 2 ) = i=(|0)|0)|2) + |l)|l)|0)), 

|^,o) = -^d^)|0) + |V>i)|i)), 

|^, 1 ) = ^(|^°)| 1 ) + 1 ^) 12 )), 

\M = -^=(|^)l 2 > + |^)|0», * = 1,2,3. (15) 

Then {\4>o,j), '■ * = 1, 2, 3, j = 0,1, 2} is a 12-member 3-partite UMEB in 

C 2 <g> c 3 ® c 3 . 

From Propositions 1-2 in Ref. El , one can obtain two types of three-partite 
UMEBs for the case of d\ < d 2 . 
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5.2 UEB k but not SUEBfc 


We present here examples of three-partite UEBks by Theorem 2 from the 
method in Section 3 for the bipartite UEBks. 

Example 4 We rewrite the vectors in Eq. © in the Schmidt decomposition 
form as 



IVh) = 


\l 


1^2) = - 


746 ^ 
787 4587 7 


5413 v 2587 1 7 


1445 1243 
1982 1577 1 


^1243 
1982 4577 1 7 


787 4165 1 7 


^74 
5413 4165 1 7 


-H»(—H>-—|o», 

59 7 77 4554 7 1165 1 77 ’ 

577,„., ,U65 ln . 771 

597 ° 1554 ° + 1165 

2790 1 /yv 2790 1 7 1577 1 77 

1717 1717 . 1243. .. 

+ 2790 1 2790 ° + 1577^’ 

1165 664 577 

" 1554 1 2587 ° + 597^’ 

1554 77 4587 7 597 77 


(16) 


It turns out that 


IV’o.o) = 


l^o.i) = 


H’ 1 , 0 ) = 


746 ^ 
787 4587 1 7 


i“(“i| 0 ) 

5413 4587 1 7 


746 664 
787 2587 ^ 


^(^i|0) 

5413 4587 1 7 


1445 1243 
1982 1577 1 


+ 


^1243 
1982 4577 1 7 


IVTo} = 


1445 4 243 




1982 4577 


+ 


l^2,o) = — 


^1243 
1982 4577 1 7 
746, 771 



787 4165 


10 ) 


+ 


“l(™-|i> 

5413 4165 1 7 


—H»(—UK—10»|0) 

597 1 1554 1 1165 1 771 7 ’ 

577 ln .,.1165 ln . 771 ln ., M . 

597 ° 1554 ° 1165 ° 1 ’ 

577 M .. .1165. . 771 x 

597^1554^ ~~ 1165 ° ^ 

577.-.. ,1165. . 771 ln .. ln . 

597 ° 1554 ° + 1165^°^ ^ 

HlZ|o»(lIiI|i)-l^|o))|o), 

2790 7 7 4 790 7 15 77 1 771 7 

f iH!|i))(Hl!|o) + ^|i))|i), 

2 7 90 / 7 4 7 9 0 7 1 5 77 1 771 7 

^|0»(^U)-^|0))|1), 
2790 7 7 4 790 7 15 77 1 771 7 

b^|l))(^|0)4^|l))|0), 
2 7 90 / 7 4 7 9 0 7 1 5 77 1 771 7 

- tH°»O 0) - ipi 0 »i 1 >- 
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IVv) = - 



746 771 

— 10 > 
787 v 1165 1 7 


1165 664 

b -ID)(^|o) 


1554' 


"2587 


577 

597 




+ 


^82-^n 1165 -66! 577 

5413 v 1165 1 7 1554 1 /n 2587' 7 597 1 771 7 


(17) 


form a three-partite UEB2 in C 2 ® <C 2 ® C 2 . 
Example 5 It is straightforward that 


l^o) = 




l^i) = ^|0)|0)-i|l)|l), 


M = || 0 )| 1 > 




|1)|0), 


l^3) = ^|0)|l)-i|l)|0) 


(18) 


constitute a UEB2 in C 2 ® C 3 , but it is not a SUEB2. Hence, the following 12 
vectors constitute a UEB2 but not SUEB2 in C 2 ® C 3 ® C 3 : 


Wo,o) = i|0)|0)|0) + ^|l)|l)|l), 
\M = i|0)|0)|l) + ^|l)|l)|2), 
IV-o,2) = i|0)|0)|2) + ^|l)|l)|0), 

hM = ^|0)|0)|0)-i|l)|l)|l), 
IV'i,i) = ^|0>|0)|l)-i|l)|l)|2), 

1^1,2) = ^|0>|0)|2)-i|l)|l)|0), 
hfe,o> = i|0)|l)|0) + ^|l)|0)|l), 
hM = i|0)|l)|l) + ^|l)|0)|2), 
hM = ^|0)|2)|0) + ^|1)|0)|0), 

IV’4,o) = ^|0)|l)|0)-i|l)|0)|l), 

\M = ^|0)|l)|l)-i|l)|0)|2), 

l^4,2> = ^|0)|l)|2)-i|l)|0)|0). 


(19) 
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There are many ways of constructing UEBks in multipartite case. For ex¬ 
ample, the 2 <g> 3 <g) 3 case, we can obtain a three-partite UEB2 either from a 
UEB2 in 2 ® 3 or from a UEB2 in 3 <g) 3. 


6 Conclusion and discussion 

The multipartite UEBk was put forward, which extended the concepts of bi¬ 
partite UEBk. We proposed a general method of constructing (to + l)-partite 
UEBk from the TO-partite UEBk and showed that multipartite UEBk exists 
in any multipartite systems with any dimensions. We listed several examples 
of multipartite SUEBks based on the bipartite examples proposed in the early 
papers. By now, the unextendible basis problem is settled down. Going further, 
the MUBs constitute now a basic ingredient in many applications of quantum 
information processing. The bipartite UMEBs can extend to two mutually 
unbiased basis (MUB) jTUlfT5] . We thus can obtain multipartite mutually un¬ 
biased basis from multipartite UEBks. The bipartite MUB has shown be useful 
in investigating quantum state tomography and cryptographic protocols. We 
hope that the multipartite UEBks would also be useful in studying quantum 
state tomography and cryptographic protocols associated with multipartite 
quantum systems. 

Unextendible entangled basis is not only a physical concept but also of great 
importance in mathematics. It reveals the structure of the tensor product of 
the Hilbert spaces. For example, for any fixed Schmidt number k, any tensor 
product of the Hilbert spaces can be divided into two subspaces: one contains 
vectors with Schmidt number k while the other only contains vectors with 
Schmidt number smaller than k. 
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